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Abstract—Verification is an essential step in modern Very
Large Scale Integration (VLSI) Computer-Aided Design (CAD) to
avoid errors in circuits with ever-increasing complexity. Formal
verification methods are gaining traction in both academia and
industry, as they can ensure the complete correctness of a design.
However, they come with the tradeoff of potentially exponential
time and space complexity.

This work aims to tame this complexity, establishing a formal
verification approach based on the cutwidth decomposition on
Circuit-And-Inverter Graphs (AIGs), which can make use of
different verification techniques like Boolean Satisfiability (SAT)
and Answer Set Programming (ASP). For circuits with a constant
cutwidth, a linear verification time is formally proven. The
practical applicability of this approach to arithmetic circuits
is demonstrated by experimental evaluation of three Arithmetic
Logic Units (ALUs), showing that the theoretical bounds hold
in practice and that our approach can outperform other formal
verification approaches found in open-source software.

I. INTRODUCTION

Modern processor designs feature billions of transistors,
with this number increasing over time in accordance with
Moore’s law [1]. In order to provide Integrated Circuits
(ICs) which adhere to their specification and thus fulfill their
intended behavior, verification plays a central role in the
VLSI process, usually at a higher level of abstraction like
the Register-Transfer Level (RTL) [2]. CAD techniques are
employed to handle this complexity, as manual verification of
the entire design would be infeasible [3]. While simulation-
based methods can be very time-efficient for verification, only
formal verification can completely ensure that the entire design
is indeed correct [4], avoiding errors that only become visible
in some edge-cases [5]. Due to this reason, formal methods
have become ever more prevalent in both research [6] and
industry [7], being integrated into commercial tools as well as
open-source software [8].

One argument against formal verification lies in the fact
that it employs techniques like SAT [9] and Binary Decision
Diagrams (BDDs) [10], for which an exponential time or space
complexity is observed in the worst case. Finding an optimal
variable ordering for a BDD representing a given function is
NP-complete [11], meaning an arbitrary ordering may result in
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a BDD requiring exponentially more space than the optimum.
SAT itself is one of the first problems for which finding a
solution was proven to be NP-complete [12].

The research field of Polynomial Formal Verification (PFV)
addresses this issue by exploring circuit classes for which
a polynomial behavior can be observed [13]. For instance,
BDD sizes were shown to scale polynomially in the number
of inputs for different types of adder circuits [14]-[16], and
the verification of a simple ALU was conducted in poly-
nomial time [17]. Apart from BDDs and SAT, ASP [18]
has been shown to be a suitable method for PFV [19]. It
makes use of the so-called cutwidth (also referred to as CW)
decomposition [20] of the AIG [21] representation of a circuit
to establish polynomial bounds. It was shown that a linear
verification time can be achieved for circuits with a constant
CW. However, this requires a specification of the circuit, which
might not always be available. SAT is very similar to ASP in
principle and some considerations for PFV have been made,
likewise establishing linear bounds [22], but requiring deeper
knowledge about the circuit structure. Also, both works only
show experimental results for adder circuits so far. This work
aims to address these shortcomings by connecting SAT and
ASP with a common PFV approach, evaluating it on three
different ALUs. In summary, these are the goals defined for
this work:

o Establish a formal verification approach on the cutwidth
decomposition of Circuit-AIGs using SAT and ASP.

o Prove linear time complexity bounds of circuits with
constant cutwidth for both techniques, pointing out dif-
ferences.

o Demonstrate that both SAT and ASP enable linear-time
verification of three different ALUs, enhancing previous
PFV bounds and outperforming SAT-based formal verifi-
cation integrated in open-source software.

The remainder of this work is structured as follows: Sec-
tion II introduces preliminary information and discusses the
state of the art to motivate the proposed approach. The verifi-
cation approach is presented in Section III. Complexity bounds
of the approach are proven in Section IV and experimentally
evaluated in Section V. Finally, Section VI concludes this
work, giving an outlook on future work.



000 | Constant O
001 b—a
010 a—b
011 a+b
100 a®b
101 aVb
110 aANb
111 | Constant 1

TABLE I: ALU operations on inputs a and b for all values of
the select signal s

II. PRELIMINARIES

A. Formal Verification of Arithmetic Circuits

There are several ways to ensure that a arithmetic circuit
design adheres to its specification. One method which is
frequently employed for SAT and also suitable for ASP is
Combinational Equivalence Checking (CEC) [23]. The Circuit
under Verification (CuV) is compared against a Reference Cir-
cuit (RC), which is known to implement the correct behavior.
For the purpose of CEC, a miter circuit [24] is typically
constructed between the two, which outputs the value 1 if there
is a mismatch between CuV and RC for any input combination.

The specific verification approach for the miter circuit
depends on its representation. Graph representations [25] allow
for a comprehensive complexity analysis and are widely used
for considerations of many different problems [26]. One graph
representation commonly used for circuits are AIGs. An
AIG [21] is a directed acyclic graph G = (V, E) where all
inner nodes v € V represent an AND gate, whose inputs
can be inverted. A node without an incoming edge denotes
an input node, while a node without outgoing edges denotes
an output node. The AIG representation of a circuit, namely
the Circuit-AIG, can be constructed for an arbitrary circuit
by transforming its logic to only AN D and inverters, which
together are functionally complete.

ALUs are components which can often be found in ICs,
providing multiple operations on their two inputs a and b of
size n. The corresponding operation to be observed at the
output of size m is indicated by a third select input s. In the
following, we consider ALUs offering 8 operations, resulting
in a bit-width of 3 for s as shown in Table I. We also assume
m = n, so the size of the output is equal to the bit-width of
a single input.

Example 1. Fig. 1 shows the Circuit-AIG G of a miter circuit
between two simple ALUs with two inputs of bit-width n = 2,
and the select signal set to s = 011 for the ADD operation,
which is the most complex operation of the ALU. Both CuV
and RC use the Ripple Carry Adder (RCA) as their adder
component. The triangle shapes of G represent the inputs and
outputs of the reduced ALU, with inputs being labeled with
prefix I and outputs with prefix O. The total size of G is |V | =
32 nodes. There are 2 x n = 4 inputs, I¢ = {I2,14,16,18}
and m = n = 2 outputs, Og = {062, 068}. The final three
gates before an output represent the XOR gate of the miter,
e.g. 58, 60 and 62 for output O62. Note that unlike a standard

miter structure, the outputs are not connected via OR gates,
meaning each output needs to be verified individually.

B. SAT

When using SAT for CEC, the basic idea is to encode the
Circuit-AIG of the miter into a SAT instance. Then, a SAT
solver is used to prove either satisfiability of this instance,
which means there is an error in the DuV, or unsatisfiability,
indicating correct behavior. A SAT instance ¢ is commonly
provided to the SAT solver in Conjunctive Normal Form
(CNF). The set of variables contained in CNF ¢ is denoted
V,, while the set of clauses is denoted C,.

Any Boolean formula ¢ can be transformed into an eq-
uisatisfiable formula 1 (i.e., ¢ is satisfiable exactly if ¢ is
satisfiable) by Tseitin transformation [27]. Tseitin transforma-
tion operates in linear time by introducing a new variable for
each sub-formula in .

Example 2. Given the Circuit-AIG G depicted in Fig. 1. The
CNF representation ¢ of G looks as follows in standard set
notation:

o = {{12,6,38}, {~12,-38}, {~16, 38}, {12, 6,40},
{12, -40}, {~I6,-40}, ..., {062}, {068} }

All variables in ¢ correspond to the nodes of the same name in
G. The first six clauses are the result of Tseitin transformation
of the two AN D nodes 38 and 40, both with inputs /2 and 6.
For node 40, only input /6 is inverted, resulting in a different
clause representation than for node 38. The constraints on
nodes 062 and OG68 ensure that ¢ is unsatisfiable if the
behavior of the CuV is correct. An input value can be encoded
in a similar manner, e.g., {14} for 4 — 0. For the remainder
of G, Tseitin transformation is continued until all nodes are
covered, i.e., all outputs are reached. The resulting CNF ¢ is
also referred to as the Circuit-CNF.

While there are some known subclasses of SAT instances
for which a solution can be found in polynomial time, most
Circuit-CNF formulas do not belong to any of these classes. As
evident by Example 2, Circuit-CNF formulas for example do
not belong to the class of 2-SAT formulas [28], which contain
at most two variables per clause, or Horn-SAT formulas [29],
which contain at most one positive literal per clause. For
further insight on SAT, please refer to standard literature [9].

C. ASP

ASP [30] [31] is a declarative programming framework
based on first-order logic that is well-known in the area of
knowledge representation and non-monotonic reasoning [32]
to solve NP-hard search problems. These problems are mainly
reduced to computing Answer Sets [33]. In the context of
formal verification, the basic idea is to encode a Circuit-AIG
G into a logic program P such that each rule represents one
gate of G and its connections. Then, a query ¢ (representing
one input vector) is added to P (labeled as P9). Since we
consider a miter circuit, a constraint is added to P to ensure
the output values are 0. Finally, an ASP solver is used to check
whether an answer set of P9 exists [34]. A query ¢ is said



Fig. 1: Circuit-AIG G of a miter between two simple ALUs
with input width n = 2 and select signal s = 011.

to be Valid Input if there exists an answer set of P9. Let )
be the set of queries representing all possible input vectors.
Hence, P is Valid Program if, for every q € @, it holds that
q is a valid input.

Example 3. Given the Circuit-AIG G depicted in Fig. 1. The
horn ASP program P is defined as follows:

P ={val(invl2, X "1):- val(12, X).;
val(invl6, X "1):- val(invl6, X).;
val(and38, X &Y ):- val(invl2, X ), val(invl6,Y).;...}.

All variables in P correspond to the nodes of the same
name in G. The first two rules represents the negated inputs
invl2 and tnvl6, computed w.r.t. 12 and I6, respectively
(read: The value of invl2 (invI6) is the negation of X,
under the assumption that X is equal to the value of 12 (16)).
The third rule represents the AND gate 38 with its inputs
I2 and I6. Given the input vector ¢ = {I2 — 0,16 —
1,14 — 0,18 + 1}, it can be encoded into P using the
atoms {val(I2,0).;val(16,1).;val(14,0).;val(I8,0).}.

D. Related Work

The verification of ALUs has been considered in previous
work. Devi et al. [35] consider their own ALU implementation
with more complex operations, but simulation is used for ver-
ification. Wong [36] uses formal methods for verification but
employs a different approach with the help of theorem provers.
Both of these works fail to address the scalability of their
verification approaches for different input sizes. Drechsler et
al. [17] previously reported the most relevant results for our
work. They examine PFV of a simple ALU similar to the one
considered in this work with the help of BDDs. However, there
are differences to point out. Previous work proved quadratic
bounds on the verification, while we aim to prove linear
bounds for the considered ALU architecture. We also consider
three ALUs with three different adder components. For the

experimental considerations, we conduct a comparison of our
work with formal verification approaches found in open-source
software, which is omitted by Drechsler et al. entirely.

III. VERIFICATION APPROACH

To verify the Circuit-AIG as outlined in Section II-A, all
possible combinations of primary inputs would have to be
enumerated and evaluated to determine whether any primary
output evaluates to 1. For Circuit-AIG G presented in Fig. 1,
this may still be feasible, enumerating a total of 16 possi-
ble combinations for 4 primary inputs. In the general case
however, the number of combinations in relation to n equates
to 22*", yielding an exponential behavior. Thus, to enable
efficient verification, the Circuit-AlG is not simply translated
to the respective SAT or ASP representation, but cutwidth
decomposition is first conducted. Briefly, the cutwidth of a
graph refers to the minimum number of edges crossing a
cut between two consecutive vertices in a linear layout of
the graph [20]. The core idea is to reduce the exponential
factor in the verification complexity by only evaluating those
input values which can actually occur given the structure of
the circuit. To this end, the Circuit-AIG is partitioned into
multiple subgraphs, which are verified in sequence, with an
efficient mechanism of passing information between them. In
the following, details about cutwidth decomposition and its
verification are elaborated.

A. Cutwidth Decomposition

Cutwidth decomposition divides the Circuit-AIG G into m
subgraphs, one for each output. Intuitively, each subgraph
only contains nodes which are relevant to the given output.
Nodes which influence the value of multiple outputs are
added to multiple subgraphs as so-called cone nodes, enabling
information passing between different subgraphs. Formally, a
subgraph for a given output node is defined as follows:

Definition 1. Given a Circuit-AIG G = (V, E) with output
node 0; € Og and 1 < ¢ < m. The output subgraph G,, =
(Va,,, Eg,,) is given as:
o Vg, ={ve{{ofu{v e V], o) € E}U{v" €
V0|3zeVg, : (v,2) € E}} |v ¢ Cir}
. EGoi = {(a7b) cF ‘ a,b S VG%},

where C; = U;':1 Cgoj and CGOJ. denotes the set of cone
nodes of output subgraph G,,. A cone node c is a vertex
of output subgraph G,,, which shares an edge with a vertex
d¢Vg, . ie, Ca,, = {ceV|(c¢d)eEV(d,c)e E,d e
VA Vg, }- '

Subgraphs are created by traversing all outputs of the
Circuit-AIG G towards the inputs, adding nodes in accordance
with Definition 1. Each resulting subgraph is in turn also a
Circuit-AIG, meaning the same properties of AIGs apply and
the cutwidth decomposition is suited for both SAT-based and
ASP-based PFV. Cone nodes which appear as inputs (ingoing
cone nodes) in a subgraph G,, are denoted C'IN;, while cone
nodes appearing as outputs (outgoing cone nodes) are denoted
COUT;. To differentiate, primary inputs are referred to as



(a) Output subgraph Go,

(b) Output subgraph G,

Fig. 2: Cutwidth decomposition for AIG G of Fig. 1

PIN;, with IN; = PIN; U CIN; and the primary output
as POUT;, with OUT; = POUT; UCOUT;. The maximum
number of outgoing cone nodes in a subgraph is referred to
as the cutwidth (CW) of GG, while the maximum number of
input nodes in a subgraph, i.e., I N, is referred to as k. This
number k is directly related to the C'W of a Circuit-AlIG, e.g.,
from a constant cutwidth, a constant & follows.

Example 4. The cutwidth decomposition for Circuit-AIG G of
Fig. 1 is portrayed in Fig. 2. For m = 2 outputs, two subgraphs
are created. Nodes in PIN; and POUT; are differentiated
from CIN,; and COUT; by prefixes I and O respectively,
e.g., I4 is a primary input in G,,, while 16 is a cone input.
They are both transformed to cone nodes during cutwidth
decomposition, as they are influenced by inputs /2 and 6
present in GG, and influence output O68 in G,, themselves.
For the decomposition, the cutwidth of G is CW(G) = 2.
The maximum number of inputs is present in subgraph Go,,
so k= |INa| =4 (i.e., INy = {I4,18,16,44}).

B. Information Passing between Subgraphs

Information between subgraphs is passed over cone nodes.
Once values are computed for the outgoing cone nodes of
a given subgraph, they are stored in a table. To this end,
databases [37] are used for efficient storage and table manipu-
lation. The values of outgoing cone nodes of subgraph C,, are
stored in the outgoing table 7;. Outgoing tables are realized
as a mapping between cone node values of the CuV and
cone node values of the RC. Thus, the set COUT; is divided

into two disjoint subsets, COUTC*Y and COUTEC. The
cone nodes in COUTC*Y and COUTEC are then mapped
to binary values 0 and 1 and stored in the table. For the
population of ingoing cone nodes C'IN; of a given subgraph
C,,, an ingoing table 7/ is constructed by linear traversal of
previous outgoing tables.

COUTEYY | COUTF®
{0} {0}
{1} {1}

TABLE II: Outgoing table 7, for subgraph G,, of Fig. 2a

Example 5. Table II shows the outgoing table 7; for sub-
graph G,, of Fig. 2a, resulting from the evaluation of all
possible combinations of PIN;. The node 16 represents the
cone output of the CuV, meaning 16 € COUTE"V and
44 € COUTEC. Values for both cone outputs are directly
determined by the two AN D nodes 16 and 44, which in turn
directly depend on the primary inputs /2 and 6. Thus, the
possible values for 16 can simply be defined as a function
f over the values of 12 and 76 with f(0,0) = 0, f(0,1) =
0,f(1,0) = 0, f(1,1) = 1. Since the values for 16 and 44
depend on the exact same inputs, there are two records in 7y:
When the value of cone output 16 is 0, the value of cone
output 44 is 0 and vice versa. As there is only one previous
subgraph for G,,,, its ingoing table 7 is equivalent to 7; and
the two records are then used as ingoing values to cone nodes
16,44 € CINs.



Algorithm 1: Subgraph verification

Input : Subgraphs G, = {Go,,...,Go,, }
Output : Verification Success or Verification Fail
1 for Gy, € G, do

2 pin < all combinations of PIN;

3 if i = 1 then

4 | wal « pin

5 end if

6 else

7 ‘ val + 7 > pin

8 end if

9 for v € val do

10 pout, cout < value of POUT; and values of nodes
in COUT; after evaluation of G,, under v

11 if pout — 1 then

12 | return Verification Fail

13 end if

14 Ti < 73 U {cout}

15 end for

16 end for

17 return Verification Success

C. Subgraph Verification

Algorithm 1 outlines how the verification of the cutwidth
decomposition of a Circuit-AlG is conducted. Subgraphs are
verified in sequence, from the first output toward the last.
For the first subgraph, all combinations of primary input
nodes PIN; are simply considered, while for subsequent ones,
they are cross-joined [38] with values in incoming table 7.
The evaluation of C,, referenced in Line 10 depends on the
employed verification method. The subgraph is encoded into a
SAT or ASP formulation as explained in Sections II-B and II-C
respectively. Additionally, valuation v and the miter output
are encoded as clauses or rules and a solver is employed to
evaluate the formulation. If any of the given evaluations show
that a primary output can exhibit the value 1, the algorithm
returns a verification failure. Otherwise, the values of outgoing
cone nodes COUT; are stored in outgoing cone table 7.
Finally, when all subgraphs are evaluated and the value 1 never
occurs at any primary output, the verification is successful.

[16 [44 [ M4 [18]
0 0 0] 0
0 0 0 1
0 0 1 0
0 0 1 1
1 1 0] 0
1 1 0 1
1 1 1 0
1 1 1 1

TABLE III: All valuations for subgraph G,, of Fig. 2b

Example 6. Consider subgraph G,, shown in Fig. 2b. The
set of all primary input combinations pin and ingoing table 7
are constructed, the latter being equivalent to table 7, shown
in Table II. The set of valuations wval for G,,, created by
cross-joining these two sets, is shown in Table III. This small
example already shows the upside of the proposed verification

flow. Instead of having to evaluate Circuit-AIG G of Fig. 1
for all 2* = 16 combinations of primary inputs, Algorithm 1
evaluates subgraph G,, under 22 = 4 valuations for the
primary inputs PIN; and subgraph GG, under the 8 valuations
shown in Table III, i.e., a total of 12 combinations.

IV. COMPLEXITY BOUNDS

For a detailed complexity analysis of the verification ap-
proach introduced above, all its steps have to be considered.
The first step is the decomposition, where the Circuit-AIG
G = (V,E) is traversed starting from its output nodes. As
nodes are only visited once, the complexity for the decompo-
sition can be expressed as Complexity(Decomp) = O(|]V |+
|E|), i.e. linear in the size of G. Another factor are the database
operations. Databases are chosen for their efficiency, allowing
for constant-time access to entries in a single table. The
most complex operation here is the construction of ingoing
table 7/, which can be performed in linear time regarding
the number of tables 7; with 1 < j < ¢ < m under our
assumptions. The part where the complexity for SAT and ASP
differs is the evaluation of a subgraph for a given valuation,
conducted in Line 10 of Algorithm 1. For ASP, it has been
shown that every Circuit-AIG G can be represented as a horn
ASP program P (i.e., ”&” and "X "1” represent the logic
functions AN D and inverters, respectively) in [19]. Also, it
has been shown that checking the consistency of the horn ASP
program P can be achieved in linear time [39] w.r.t. size of
‘P. This means that the complexity of evaluation is constant
for ASP w.r.t. the number of vertices in the subgraph, i.e.
Complexity(ASP) = O(1). For SAT on the other hand, the
complexity for evaluating a subgraph for a given valuation
is still bounded by Complexity(SAT) = 2Y". However, in
the following we show that, when increasing the number of
outputs for a given circuit, the maximum number of variables
in the SAT encoding of a given subgraph var,,,, can be
expected to be constant w.r.t. the output size m in real designs.

Lemma 1. Given a Circuit-AIG G¢ with m output nodes. If
the number of nodes |Vge| is bounded by a linear function
in m, the maximum number of variables in any CNF instance
VaTmae Of subgraph G, is bounded by a constant c.

Proof. If the number of total nodes |Vgc| is bounded by a
linear function in m, at most a constant number of variables ¢
is introduced for each output o of GC, i.e., for each increase in
m, at most ¢ nodes will be added to |Vgc|. Since each output
o has its own subgraph G¢, the number of variables of other
subgraphs is unaffected even when m is increased. The size
of subgraph GOC in turn is bounded by the constant number of
nodes ¢ which are introduced. Hence, the maximum number
of variables which can occur in one subgraph, var,,qz, also
remains constant. O

Lemma 1 shows that in practice, especially for arithmetic
circuits, where the logic for computing each output is the
same, the complexity for subgraph evaluation with SAT can be
expected to be bounded by a constant factor var,, ., regardless



RCA ALU CSKA ALU CLA ALU
" IToW Tk V] VaATmaz DT cw k V] VaATmaz DT cw k V] VAT maz DT

64 4 9 5493 93 0.07 5 14 5789 109 0.08 6 16 5883 112 0.09
128 419 10997 93 0.22 5 14 11613 109 0.31 6 | 16 11803 112 0.33
256 4 9 22005 93 0.89 5 14 23261 109 1.46 6 16 23643 112 1.61
512 419 44021 93 3.80 5 14 46557 109 4.26 6 16 47323 112 7.10
1024 4 9 88053 93 21.43 5 14 93149 109 32.96 6 16 94683 112 33.54
2048 419 176117 93 104.56 5 14 186333 109 133.78 6 16 189403 112 144.27
3072 4 9 | 264181 93 | 262.79 5 14 | 279517 109 | 267.76 6 16 | 284123 112 | 268.06
4096 4 | 9 | 352245 93 | 470.88 5 14 | 372701 109 | 479.69 6 16 | 378843 112 | 488.04
5120 4 9 | 440309 93 | 761.70 5 14 | 465885 109 | 778.20 6 16 | 473563 112 | 803.49

TABLE IV: Properties of the miter Circuit-AIG of each ALU architecture for different input sizes

of the number of outputs m. For example, when adding more
inputs to the miter of the ALU in Fig. 1, another subgraph
equivalent to G,, is simply added. This result shows that,
while larger runtimes may have to be expected for SAT when
the number of vertices per subgraph is large, we assume a
constant behavior for an increasing circuit size. With all these
considerations at hand, the complete asymptotic complexity of
the verification approach can be examined.

Theorem 1. Given the cutwidth decomposition of Circuit-AIG
G with m outputs and maximum number of inputs k£ for any
subgraph. Then G' can be verified in time O(m * 2¥).

Proof. By Algorithm 1, verification is conducted for each
subgraph, of which there are m many. The complexity of
verifying subgraph C,, depends on the number of valuations in
set val. As discussed above, the complexity of the evaluation
itself can be disregarded in the analysis of the asymptotic
complexity, as for SAT var,,q, can be expected to be constant
by Lemma 1 and for ASP, the Horn formulation provides
a linear verifiability. At most, val contains an entry for all
combinations of primary inputs and cone inputs, i.e. |PIN;|U
|CIN;| = |IN;|. The maximum of this [IN;| is denoted by
k, so Complexity(Verification) = O(m * 2F). O

With a naive approach, SAT and ASP have the size of the
problem as an exponential factor in their time complexity, e.g.,
the number of variables for SAT. By Theorem 1 however, for
the presented verification approach, the only remaining expo-
nential factor is k. As mentioned in Section III-A, when the
cutwidth of the decomposition of Circuit-AIG G is constant,
this factor k is also constant. Thus, by Theorem 1 we can
identify a class of circuits with constant cutwidth for which a
linear verification time w.r.t. input size n can be ensured.

V. EXPERIMENTAL EVALUATION

To demonstrate that the established class of circuits with
constant cutwidth is useful in practice, three ALUs are con-
sidered, since they are advanced arithmetic circuits which have
not been studied for SAT and ASP before. Although the pro-
posed approach could in principle be applied to more general
circuits, we only evaluate ALUs to keep the scope of this work
focused. As shown in Table I, next to some logical operations,
addition and subtraction are the two arithmetic operations
realized by the ALU architecture under consideration. For this,

an adder component is required, as subtraction can simply be
realized by inverting the subtrahend in accordance with two’s
complement. Thus, the three simple ALUs we examine feature
different adder components, namely RCA, Carry Skip Adder
(CSKA), and Carry Look-Ahead Adder (CLA). Accordingly,
we refer to these three ALUs by RCA ALU, CSKA ALU and
CLA ALU respectively. All ALUs are generated as Verilog
files with the help of Ariths-Gen [40] and transformed into an
AIG using Yosys [8].

A. Properties of ALU Circuit-AIGs

Before looking at the verification runtime for all three
ALUs, their properties are studied to show they belong to
the class of constant cutwidth circuits and be able to make
predictions about their runtime behavior. To this end, the
construction of a miter between two input AIGs for CuV
and RC is realized, and the cutwidth decomposition on the
resulting Circuit-AIG is implemented in Python [41]. Our goal
is to check the functional correctness of the CuV w.r.t. the
RC. These circuits are expected to be different in terms of
the architecture, but functionally equivalent. As demonstrated
by previous work [19], RCA-based adder circuit has the least
cutwidth and consequently is the fastest architecture to verify.
Hence, we have selected ALU RCA as our RC across all
different ALU architectures. Five different properties are por-
trayed for each of the three miter circuits for increasing values
of n in Table IV: The cutwidth of their decomposition CW,
the maximum number of inputs for a given subgraph k, the
total number of nodes in the Circuit-AIG |V, the maximum
number of variables in a SAT instance of a subgraph var,q,
and the runtime of the cutwidth decomposition in seconds DT
The first observation to make is that for all three ALUs, the
cutwidth is constant. As a result, the maximum number of
inputs in a given subgraph k is also constant, meaning a linear
verification time can be expected according to Theorem 1. In
the general case, the verification could reject circuits for which
the cutwidth is non-constant. Both CW and k are greater
for more complex adder components, such that CW(RCA
ALU) < CW(CSKA ALU) < CW(CLA ALU). The result of
Lemma 1 is underlined by column var,,q,. With the number
of nodes increasing in a linear manner, as shown by column
|V|, varmq. remains constant. Hence, the complexity of the
evaluation remains constant, even when n increases, as proven
in Lemma 1. This behavior holds true for all three of the



RCA ALU CSKA ALU CLA ALU
n CW SAT CW ASP CEC CW SAT CW ASP CEC CW SAT CW ASP CEC
Verify Total Verify Total Verify Total | Verify Total Verify Total Verify Total

64 20.76 20.98 2.08 2.44 0.93 90.34 90.59 3.81 4.12 1.33 165.30 165.56 6.42 6.76 1.47
128 42.47 43.06 4.47 5.04 3.08 189.93 190.60 8.29 9.95 3.62 341.59 342.34 13.47 14.32 4.27
256 85.07 86.95 9.37 11.68 9.16 390.06 392.05 20.97 24.35 14.98 704.32 706.31 28.60 30.85 20.65
512 171.80 179.14 18.79 2722 46.86 784.98 792.56 45.04 56.67 55.69 | 1397.09 | 1403.90 62.86 70.95 65.26
1024 346.03 378.87 38.49 72.22 213.31 | 1487.79 | 1619.79 87.96 130.14 265.63 | 2816.09 | 2846.48 | 123.22 158.83 308.75
2048 698.55 843.94 77.48 221.36 | 1025.38 | 3165.30 | 3302.86 | 149.94 313.93 | 1347.27 T.O. T.O. | 23335 364.38 | 1547.09
3072 | 1050.84 | 1385.01 112.7 449.61 | 2764.91 T.O. T.O. | 244.53 593.72 T.O. T.O. T.O. | 353.07 657.18 T.O.
4096 | 1388.26 | 1941.64 | 154.91 761.19 T.O. T.O. T.O. | 34591 977.17 T.O. T.O. T.O. | 49091 | 1056.64 T.O.
5120 | 1737.68 | 2641.64 | 228.85 | 1168.04 T.O. T.O. T.O. | 43540 | 1447.38 T.O. T.O. T.O. | 636.10 | 1579.68 T.O.

TABLE V: Runtime of ALU verification in seconds for each method

considered ALUs. Finally, the cutwidth decomposition time
reveals some expected behavior. As the number of nodes of the
Circuit-AIG increases, the decomposition time does as well.
Between different ALUs, it is very similar for equal values of
n, since the number of nodes is not significantly different.

B. Experimental Results

For the evaluation of the verification runtime, the procedure
outlined in Algorithm 1 is also implemented in Python and
applied to the three ALUs for different values of n. As
solver backends, the state-of-the-art solver CaDiCalL [42] is
used for SAT and the well-known Clingo [43] is employed
for ASP, both with default configurations. For comparison, a
standard CEC procedure integrated in Yosys is run on the same
AIG inputs. Yosys is an established open-source tool used
for synthesis, design and verification [44] [45] and offers a
fairer comparison opposed to other tools like ABC [46], which
employs structural hashing [47] in addition to CEC. The miter
for the CEC flow circuit is constructed by the Yosys command
miter —equiv gold gate miter. The SAT command
sat -prove trigger O miter finally carries out the
verification itself. Each verification is run five times and mean
values are calculated, reducing noise in the execution times.
Results are provided in seconds, rounded to ten milliseconds.
A timeout (T.O.) is set to one hour. All experiments are run
on the same machine with an 8-core AMD Ryzen™ 7 PRO
5850U CPU and 42GB of main memory.

Table V shows the runtime for verifying each ALU with
the given method in seconds. Each combination of n and
ALU refers to the exact same input AIGs for CuV and RC as
the corresponding entry in Table IV. For SAT and ASP, the
column Verify refers to the runtime of all steps in Algorithm 1,
i.e., database operations, encoding and evaluation, while the
column Total refers to the wall clock time of the complete
approach, including for example the cutwidth decomposition.
Discrepancies between the sum of verification runtime plus
decomposition time and the total runtime can be attributed to
processing steps, e.g., reading the input AIGs of CuV and RC.

The results of Table V confirm the theoretical considerations
of Section IV and the assumptions made based on Table IV.
For all three ALUs and both verification methods, SAT and
ASP, the verification runtime behaves linearly in n, as can
be seen in the Verify column. Fig. 3 underlines the linear
behavior, by plotting the runtimes for each value of n. As
can be seen, the dashed lines for SAT and the dotted lines for
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—e-
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Fig. 3: Runtime comparison for different verification methods

ASP progress in a linear fashion, with the small dents in the
curve caused by an increase in decomposition time. Runtimes
for ASP are greatly decreased compared to SAT for all ALUs
and all values of n. Here, the upside of Horn formulas as
described in Section II-C becomes apparent. While the number
of variables in a SAT instance behaves constantly in n, the
values are still relatively high, starting from 93 variables for
RCA ALU. Hence, ASP can evaluate each valuation much
more efficiently, resulting in a greatly reduced runtime.

Comparing the proposed verification approach to the stan-
dard CEC flow reveals that the main upside lies in its
scalability. As can be observed in Fig. 3, the plot for CEC
grows exponentially, and timeouts are reached quickly. ASP
outperforms CEC starting from n = 512 for RCA ALU and
starting from n = 1024 for CSKA ALU and CLA ALU.
Overall, these experimental results underline our theoretical
considerations and confirm that standard formal verification
approaches can indeed be outperformed, additionally provid-
ing predictability of the runtime behavior. Moreover, unlike
the work [17], which establishes polynomial-time verification
of an ALU, our approach improves upon the state-of-the-art
by showing that an ALU can be verified in linear time.

C. Runtime Improvements

An improvement of the runtime of our verification ap-
proach presented above is possible with parallelization for
the evaluation of subgraphs under a given valuation. Since
the set of valuations is known before the actual evaluation,



Line 9 of Algorithm 1 can be parallelized completely, as the
evaluation of one valuation does not depend on the other. In
the implementation of this concept, each computation is simply
delegated to a separate execution thread, where the maximum
number of threads that can run in parallel is limited to a user-
definable .

CW SAT CW SAT Thread
" Verify Total Verify Total
1024 | 1487.79 | 1619.79 361.95 392.79
2048 | 3165.30 | 3302.86 732.05 862.81
3072 T.O. T.O. | 1115.89 | 1425.26
4096 T.O. T.O. | 1468.01 | 2005.50
5120 T.O. T.O. | 1864.49 | 2746.38

TABLE VI: Improvement of CSKA ALU verification by
applying threading to SAT

Table VI shows how this parallelization technique can
improve the runtimes of the proposed verification approach
in practice. For this small case study, the CSKA ALU is
considered for the higher values of n, showing an upside of
SAT, which can easily be parallelized by creating different
instances for each valuation. The value of ¢ is set to 32.
Comparing the total wall clock time with results previously
obtained without threading, it can be seen that a speedup
around the factor 4 can be achieved. For values of n = 3072
through n = 5120, verification runs which previously reached
the timeout of one hour are now feasible.

VI. CONCLUSION

This work explored how the verification complexity of arith-
metic circuits can be tamed using SAT and ASP. A verification
approach was presented which can employ both of these
formal verification techniques, making use of the cutwidth
decomposition of the Circuit-AIG as a shared basis. With
the established approach, it was proven that for circuits with
a constant cutwidth, linear-time verification can be ensured,
regardless of the verification method. It was demonstrated that
this theoretical finding is practically applicable to arithmetic
circuits, as a linear verification time could be observed for
three different ALUs, improving on polynomial bounds de-
rived in previous work and outperforming a standard CEC
flow for circuits with a high input-width. Future research may
be directed toward investing further engineering efforts which
provide improvements of runtimes of the presented verification
approach observed in practice. Furthermore, other circuit types
which could potentially exhibit a constant cutwidth could be
explored, taking considerations for BDDs [48] as a starting
point.
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