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Abstract—Multi-controlled Toffoli gates are fundamental
building blocks in quantum computation, with applications in
quantum arithmetic, simulation, and search algorithms. In fault-
tolerant architectures, their realization is constrained by the high
cost of non-Clifford resources, particularly in terms of T-count
and T-depth. Recent advances have demonstrated that the use of
ancillary qubits, relative-phase Toffoli gates, and dynamic circuit
techniques can substantially reduce this overhead.

In this work, we investigate the decomposition of large Toffoli
gates using 3- and 4-input relative-phase Toffoli gates in the
presence of a single clean ancilla and conditionally clean ancillas.
We derive explicit resource bounds for Clifford+T implemen-
tations incorporating dynamic-circuit-based uncomputation and
measurement-conditioned corrections. Our analysis emphasizes
T-depth reduction under fixed CX and T-count overhead, ensur-
ing relevance for near-term devices. We show that introducing
4-input relative-phase Toffoli gates enables significant T-depth
reductions through enhanced parallelism while maintaining fa-
vorable ancilla requirements. We further validate our theoretical
results through experimental evaluation and comparative analysis
with existing approaches.

Index Terms—Toffoli gate, decomposition, fault-tolerant quan-
tum computing, dynamic circuits

I. INTRODUCTION

The Toffoli gate and its multi-controlled extensions are
fundamental primitives in quantum computation, with applica-
tions in quantum arithmetic [1], quantum simulation [2], and
Grover-oracle implementations [3]. However, efficient synthe-
sis of large Toffoli gates remains challenging, as standard
Clifford+T decompositions require high T-count, large circuit
depth, and extensive CX-based entangling structures [4]. These
overheads are particularly restrictive for Noisy Intermediate-
Scale Quantum (NISQ) devices due to noise, decoherence,
and limited qubit resources. In fault-tolerant architectures,
Toffoli gates are typically realized via magic-state-based con-
structions, making both T-count and T-depth critical cost
metrics [5].

Designing resource-efficient circuits for large Toffoli gates
with minimal ancilla overhead therefore remains an active
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area of research. In many constructions, reductions in T-gate
resources can be achieved by introducing additional ancilla
qubits [6], [7]. In particular, the use of conditionally clean an-
cillas has been shown to be especially beneficial for realizing
large Toffoli gates using fewer non-Clifford operations [8], [9].
Such techniques lead to improved resource bounds when one
or two clean ancillas are available.

Recent advances in dynamic quantum circuits, which per-
mit intermediate measurements, qubit resets, and classically
controlled operations, have further expanded the design space
for resource-efficient quantum computation [10], [11]. Un-
like static circuits, dynamic circuits enable adaptive behavior
in which measurement outcomes determine subsequent gate
executions. These measurement-driven feed-forward mecha-
nisms can replace costly multi-qubit unitary subcircuits [12].
Moreover, the availability of clean ancillas enables economical
uncomputation through intermediate measurements, thereby
reducing overhead [13], [14].

In decomposing large Toffoli gates, relative-phase Toffoli
gates have been shown to reduce both T-count and ancilla
requirements [4]. Motivated by these results, we study the
use of 3- and 4-input relative-phase Toffoli gates with a
single clean ancilla, combined with conditionally clean ancillas
and dynamic uncomputation, to improve T-resource bounds.
Although more T-depth-optimized constructions exist [15],
[16], they typically incur higher CX overhead. We therefore
adopt simpler realizations [4] with constant CX cost to enable
fair comparison and practical relevance for NISQ devices. The
main contributions of this work are summarized as follows:

1) We derive resource bounds for large Toffoli networks
using 3- and 4-input relative-phase Toffoli gates with
one clean and conditionally clean ancillas.

2) We show that 4-input relative-phase Toffoli gates reduce
T-Depth by up to 2⌊(n− 3)/6⌋ gate layers.

3) We incorporate dynamic-circuit-based uncomputation
into the resource analysis.

4) We experimentally evaluate the proposed constructions.

The remainder of this paper is organized as follows. Sec-
tion II reviews background concepts and related decomposition
techniques. Section III presents the resource analysis for
large Toffoli decompositions using one clean ancilla and 3-



and 4-input relative-phase Toffoli gates. Section IV reports
experimental results, and Section V concludes the paper.

II. BACKGROUND

A. Quantum Computation and Clifford+T Gate Set

Quantum computation is based on the manipulation of quan-
tum bits (qubits), which are represented by unit vectors in a
two-dimensional complex Hilbert space H. The computational
basis states are

|0⟩ =
(
1
0

)
, |1⟩ =

(
0
1

)
, (1)

and an arbitrary single-qubit state is given by |ψ⟩ = α0 |0⟩+
α1 |1⟩, where α0, α1 ∈ C and |α0|2 + |α1|2 = 1. An n-qubit
system is described by a superposition of computational basis
states and evolves under unitary operations (quantum gates)
arranged in a quantum circuit.

A widely used universal gate set is the Clifford+T basis. The
Clifford group is generated by the Hadamard (H), phase (S),
and controlled-NOT (CX) gates, while universality is achieved
by supplementing these with the non-Clifford T gate. In fault-
tolerant architectures, Clifford gates are relatively inexpensive,
whereas T gates require costly magic-state distillation and
injection. Consequently, non-Clifford operations dominate the
cost of fault-tolerant circuits. This cost is commonly quantified
using the T-count, which measures the total number of T gates,
and the T-depth, which denotes the number of sequential layers
of T gates.

B. Dynamic Quantum Circuits

Dynamic quantum circuits allows intermediate measure-
ments, qubit resets, and classically controlled operations dur-
ing circuit execution. Unlike static circuits, in which all gates
are fixed in advance, dynamic circuits enable adaptive behavior
where subsequent operations depend on measurement out-
comes. This capability is particularly valuable in fault-tolerant
and resource-constrained settings, where measurement-based
feedback can be used to reduce circuit depth and ancilla
overhead.

In many quantum algorithms, ancillary qubits are intro-
duced to facilitate intermediate computations and must be
uncomputed before being reused. Traditional uncomputation
relies on reversing previously applied unitary operations,
which often incurs substantial additional cost. In contrast,
measurement-based uncomputation [10], [11] exploits inter-
mediate measurements on ancilla qubits, followed by classi-
cally conditioned corrections, to erase unwanted entanglement
more efficiently. By replacing coherent uncomputation circuits
with measurement-conditioned operations, this approach can
significantly reduce the number of required non-Clifford gates.

C. Multi-Controlled Toffoli Gates

The Toffoli gate (CCX) is a three-qubit reversible gate that
flips its target qubit t only when both control qubits: c1 and
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Fig. 1: Relative-phase Toffoli gate implementations: (a) the
CC(iX) gate, (b) its Clifford+T decomposition, and (c) the
Clifford+T realization of the C3(iX) gate.

c2 are in the state |1⟩. More generally, its n-control extension,
denoted by CnX, is defined as

CnX |c1 · · · cn⟩ |t⟩ = |c1 · · · cn⟩ |t⊕ (c1 ∧ · · · ∧ cn)⟩ . (2)

Such gates enable the implementation of complex Boolean
functions and are fundamental components in many quantum
algorithms. In the Clifford+T framework, Toffoli gates are
non-Clifford operations and require decomposition into Clif-
ford and T gates. Standard constructions often lead to high
T-count and T-depth, making large Toffoli gates expensive in
fault-tolerant settings.

As reported in [17], the Clifford+T realization of the three-
qubit Toffoli (CCX) gate requires 7 CX gates and 7 T gates
with a T-depth of 3. A T-depth of 1 can be achieved using the
construction of [15], at the cost of four ancilla qubits. Various
approaches have been proposed to optimize the realization of
CnX gates, including ancilla-assisted constructions [6]–[9],
relative-phase implementations [4], and measurement-based
techniques [10], [11]. In this work, we build upon these ideas
to reduce the resource cost of large Toffoli gates using relative-
phase gates and dynamic circuit techniques, while adopting
simpler realizations with constant CX overhead to ensure fair
comparison and practical relevance for NISQ devices.

III. ONE-CLEAN ANCILLA DECOMPOSITION

A. Clifford+T Optimization with CCiX and C3iX

Relative-phase Toffoli gates have proven advantageous for
realizing higher-order Toffoli gates CnX (n > 2), as demon-
strated in [4]. Figure 1 illustrates the Clifford+T implementa-
tions of the 3-input CC(iX) and 4-input C3(iX) relative-phase
Toffoli gates. The C3(iX) construction exactly doubles the
Clifford+T resources required for CC(iX), that is,

Cost
(
C3(iX)

)
= 2 Cost

(
CC(iX)

)
. (3)

Nevertheless, the use of C3(iX) gates is beneficial for mini-
mizing the number of ancilla qubits.
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Fig. 2: (a) The realization of a 5-input Toffoli (C4X) gate with one clean ancilla, implemented through two equivalent
decompositions: (b) with four CC(iX) gates, and (c) with two C3(iX) gates.

If

c1

c2 iX X X −iX Z

c3
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t

Fig. 3: A dynamic realization of the C4X gate employing three
CC(iX) gates and a conditional CZ operation triggered by the
ancilla measurement.

Using conditionally clean ancilla qubits [8], [9], a C4X gate
can be implemented as a network of CC(iX) gates with a single
clean ancilla, as shown in Fig. 2b. Since CC(iX) requires 3
CXs, 4 T gates, and has T-depth 4 (see Fig. 1b), the resulting
construction using four CC(iX) gates and one CCX gate has
the total cost

4× (3 CX, 4 T-count, 4 T-depth)
+ (7 CX, 7 T-count, 3 T-depth). (4)

The two additional X gates enable the control qubit c2 to act
as a conditionally clean ancilla.

An alternative realization based on a single clean ancilla was
proposed in [4], using C3(iX) gates. As illustrated in Fig. 2c,
this construction employs two C3(iX) gates and yields the cost

2× (6 CX, 8 T-count, 8 T-depth)
+ (7 CX, 7 T-count, 3 T-depth). (5)

Both approaches in Eqs. (4) and (5) therefore incur identical
overall costs. However, the C3(iX)-based construction avoids
the additional X gates, as shown in Fig. 2.

Further reductions can be achieved using dynamic circuits.
According to [13], a fault-tolerant CCX gate can be imple-
mented with a clean ancilla using only four T gates. Applying

If Else

c1

c2 S†

c3 −iZ

c4

|0⟩ iX S† H

t

Fig. 4: A dynamic implementation of the C4X gate using
one C3(iX) gate together with measurement-conditioned op-
erations: CX·CC(iZ) when the ancilla outcome is 1, and CS†

when it is 0.

this approach to the C4X decomposition in Fig. 3, and replac-
ing the final CC(iX) gate by an ancilla phase correction (S†), a
Hadamard-basis measurement, and measurement-conditioned
phase restoration, yields

3× (3 CX, 4 T-count, 4 T-depth)
+ (7 CX, 7 T-count, 3 T-depth) + [1 CX]. (6)

Here, [1 CX] denotes an optional CX applied only when the
Hadamard-basis measurement outcome of the clean ancilla
is one, i.e. MH = 1. Compared with Eqs. (4) and (5), this
construction reduces the T-count and T-depth by four and the
CX count by two.

A similar dynamic approach can be applied to the C3(iX)-
based network in Fig. 4, leading to

(6 CX, 8 T-count, 8 T-depth)
+ (7 CX, 7 T-count, 3 T-depth)

+

{
(4 CX, 4 T-count, 4 T-depth), MH = 1

(2 CX, 3 T-count, 2 T-depth), MH = 0.
(7)

It replaces the final C3(iX) gate by an ancilla phase correc-
tion (S†), a Hadamard-basis measurement, and measurement-
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Fig. 5: A dynamic realization of the C15X gate with one clean ancilla, using a network of 25 CC(iX) gates, one CCX gate,
and a conditional CZ operation triggered by ancilla measurement, derived from [8].

conditioned phase restoration of the form CX · CC(iZ) for
MH = 1 and CS† for MH = 0.

When MH = 1, both dynamic constructions in Eqs. (6)
and (7) have comparable costs (ignoring X gates). When
MH = 0, however, the construction in Fig. 4 is more efficient,
requiring one fewer CX and T gate and reducing the T-depth
by two.

B. Depth Minimization with C3iX over CCiX

According to [8], the use of conditionally clean ancilla
enables the realization of a CnX gate using 2n−3 CCX gates
when one clean ancilla is used. The use of CC(iX) gates in the
network enables the realization to be obtained using 2n − 4
CC(iX) gates and one CCX gate. Replacing the final CC(iX)
gate by an ancilla phase correction (S†), a Hadamard-basis
measurement, and measurement-conditioned phase restoration
further improves the resource bounds of the one-clean-ancilla-
based realization:

(2n− 5)× (3 CX, 4 T-count, 4 T-depth)
+ (7 CX, 7 T-count, 3 T-depth) + [1 CX]. (8)

As an illustration, Fig. 5 shows the realization of a C15X gate
as a network of 25 CC(iX) gates.

The decomposition using the C3(iX) gate does not reduce
the overall gate count, as it requires twice the resources of
the CC(iX) gate (see Eq. (3)). However, its use increases the
scope for parallel gate scheduling and thereby reduces both
the T-depth and the overall circuit depth in realizing larger
Toffoli operations. This improvement arises from the fact that
C3(iX) provides three conditionally clean ancilla, compared to
two in the case of CC(iX). The benefits of such parallelism

If Else

∥ ∥c1 X iX −iX X

c2 iX X X −iX S†

c3 iX X X −iX −iZ

c4
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c7

|0⟩ iX S†

t

Fig. 6: A dynamic realization of the C7X gate with reduced T-
depth and one clean ancilla. The use of the C3(iX) gate enables
enables two successive parallel pairs of CC(iX) gates acting
on the same set of qubits. The final C3(iX) gate is replaced
by measurement-conditioned operations: CX·CC(iZ) when the
ancilla outcome is 1, and CS† when it is 0.

become evident when decomposing a CnX gate for n ⩾ 7, as
shown in Fig. 6.

By shifting a CC(iX) gate to serve as a measurement-
conditioned phase correction CC(iZ), the static1 cost of
the C3(iX)-based dynamic decomposition is reduced by one
CC(iX) gate compared to the CC(iX)-based dynamic decom-
position. According to Eq. (8), the realization of a C7X gate

1Here, static refers to circuit components that are not conditioned on
classical measurement outcomes.
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Fig. 7: A dynamic realization of the C15X gate with one clean ancilla. The use of the C3(iX) gate enables four parallel pairs of
C3(iX) gates. The final C3(iX) gate is replaced by measurement-conditioned operations: CX ·CC(iZ) when the ancilla outcome
is 1, and CS† when it is 0.

requires 9 CC(iX) gates, whereas the use of C3(iX) gates
reduces this requirement to 6 CC(iX) gates (see Fig. 6).
However, since the cost of a C3(iX) gate is twice that of a
CC(iX) gate (see Eq. (3)), the overall static cost of the C3(iX)-
based dynamic decomposition corresponds to 8 CC(iX) gates.
Nevertheless, due to the parallel execution of two successive
pairs of CC(iX) gates (see Fig. 6), the T-depth is reduced by
2 × T-depth(CC(iX)). For n ⩾ 7, the realization admits an
additional T-depth reduction of

21{n mod 6∈{1,2} } × T-depth(CC(iX)), (9)

i.e., two successive pairs of CC(iX) gates can be scheduled in
parallel when n = 6k + 1, k ⩾ 1.

For n ⩾ 9, the T-depth reduction can be further increased,
since the realization of a CnX gate enables the parallel
scheduling of at least two successive pairs of C3(iX) gates.
As C3(iX) is twice as costly as CC(iX), parallel execution
of these pairs yields an additional factor of two improvement
in T-depth. Since each pair of C3(iX) gates operates on six
distinct qubits, the maximum T-depth reduction for n ⩾ 9 is
given by

2
⌊n− 3

6

⌋
× T-depth(C3(iX)). (10)

Consequently, the C3(iX)-based dynamic decomposition im-
proves the resource bounds of the CnX realization as

(2n− 6)× (3 CX, 4 T-count, 4 T-depth)
+ (7 CX, 7 T-count, 3 T-depth)

+

{
(4 CX, 4 T-count, 4 T-depth), MH = 1,

(2 CX, 3 T-count, 2 T-depth), MH = 0,

− 2
⌊n− 3

6

⌋
× T-depth(C3(iX))

− 21{n mod 6∈{1,2} } × T-depth(CC(iX)). (11)

Thus, compared to Eq. (8), the introduction of C3(iX) yields
a more T-depth-efficient realization. As an illustration, Fig. 7
shows the realization of a C15X gate as a static network of
11 C3(iX) gates and 2 CC(iX) gates, enabling four pairs of
parallel C3(iX) gate executions.

IV. EXPERIMENTAL RESULTS

For experimental evaluation, we consider CnX gates with
4 ⩽ n ⩽ 16. As a baseline, we adopt the one-clean-ancilla
realization proposed in [8], whose resource cost is given by

(2n− 4)× (3 CX, 4 T-count, 4 T-depth)
+ (7 CX, 7 T-count, 3 T-depth). (12)



TABLE I: Results for the dynamic realization of the Toffoli operation using one clean ancilla, comparing the method of [8] with the
proposed optimization.

Static [8] CC(iX) Impr.(%) CC(iX)+C3(iX) Impr.(%)

n CX Tc Td CX Tc Td CX Tc Td CX Tc Td CX Tc Td

4 19 23 19 17 19 15 10.53 17.39 21.05 17 19 15 10.53 17.39 21.05
5 25 31 27 23 27 19 8.00 12.90 29.63 23 27 20 8.00 12.90 25.93
6 31 39 35 29 35 27 6.45 10.26 22.86 29 35 28 6.45 10.26 20.00
7 37 47 43 35 43 31 5.41 8.51 27.91 35 43 29 5.41 8.51 32.56
8 43 55 51 41 51 39 4.65 7.27 23.53 41 51 33 4.65 7.27 35.29
9 49 63 59 47 59 43 4.08 6.35 27.12 47 59 37 4.08 6.35 37.29

10 55 71 67 53 67 51 3.64 5.63 23.88 53 67 43 3.64 5.63 35.82
11 61 79 75 59 75 55 3.28 5.06 26.67 59 75 51 3.28 5.06 32.00
12 67 87 83 65 83 63 2.99 4.60 24.10 65 83 53 2.99 4.60 36.14
13 73 95 91 71 91 67 2.74 4.21 26.37 71 91 55 2.74 4.21 39.56
14 79 103 99 77 99 75 2.53 3.88 24.24 77 99 59 2.53 3.88 40.40
15 85 111 107 83 107 79 2.35 3.60 26.17 83 107 63 2.35 3.60 41.12
16 91 119 115 89 115 87 2.20 3.36 24.35 89 115 67 2.20 3.36 41.74

For fair comparison, we implement both the CC(iX)-based
and the combined CC(iX)+C3(iX)-based constructions and
evaluate their resource costs in terms of CX-count (CX), T-
count (Tc), and T-depth (Td). Moreover, we consider the worst-
case measurement-driven uncomputation cost, corresponding
to the case MH = 1, in all evaluations.

The resulting performance metrics are summarized in Ta-
ble I. As observed from the table, while the CX-count and
T-count remain identical, the combined CC(iX)+C3(iX) con-
struction achieves greater T-depth reductions than the CC(iX)-
based approach for CnX gates with n ⩾ 7, in accordance with
the theoretical bounds derived in Eqs. (8) and (11).

V. CONCLUSION

In this work, we studied the efficient realization of large
Toffoli gates using relative-phase constructions, conditionally
clean ancillas, and dynamic circuit techniques. Using 3- and
4-input relative-phase Toffoli gates with a single clean an-
cilla, we derived resource bounds and analyzed their impact
on T-count and T-depth. Our results show that higher-input
relative-phase Toffoli gates enable significant T-depth reduc-
tions through enhanced parallelism, while dynamic uncompu-
tation and measurement-conditioned corrections further reduce
overhead. Experimental results confirm consistent improve-
ments over existing methods, highlighting the effectiveness of
combining relative-phase and dynamic-circuit techniques for
scalable quantum computation.

Future work will investigate constructions that further opti-
mize T-depth by allowing controlled increases in CX overhead,
thereby exploring the tradeoff between two-qubit gate cost and
circuit latency.
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