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Abstract— ReducedorderedBinary DecisionDiagrams(BDDs)
are frequently usedin logic synthesis. In this paper we presenta
newalgorithm to determinean optimal variable ordering of BDDs.
In this, wecombineorderedbest-first search, i.e.the A*-algorithm,
with a classicalBranch and Bound (B&B) algorithm. A* operates
on a state space,large parts of which are pruned by a best-first
strategy expandingonly the most promising states.Combining A*
with B&B allows to avoid unnecessarycomputations and to save
memory.

Experimental resultsdemonstratethe efficiency of our new ap-
proach.

|. INTRODUCTION

ReducedorderedBinary Decision Diagrams (BDDs) were
introducedn [3] andarewell known from techniquedor logic
synthesighat recentlyhave beenpresented.Thesenew tech-
niguesprovide a designstyle basedon multiplexors, which of-
ten can be realizedat very low cost (e.g. as Pass Transistor
Logic (PTL)). In addition, thesetechniquesallow to consider

layout aspectsiuring the synthesisstepand by this guarantee

high designquality, e.g.[13].

As is well-known, the sizeof BDDsis oftenvery sensitve to
a choservariableordering. In [3] anexamplehasbeengiven,
wheretheBDD sizeof afunctionvariesfrom linearto exponen-
tial dependenbn the orderingof the variables.Sincethe prob-
lem of improving agivenorderinghasbeenprovento beanNP-

completeproblem[1], in the pastmary heuristicapproaches.

have beenproposedhatarebasecdn structuralinformation[9]
or ondynamicreorderingof BDDs[14]. But thesemethodsof-
tenyield BDDs upto twice the sizeof the bestknown solution.
Especiallyin applicationdik e logic synthesisthis is a signifi-
cantdravback,sincea reductionin the numberof BDD nodes
directly transferdo a smallerchip area.

For this reasonexact algorithmshave beensuggested All
approachepresentedso far were basedon the frameawork of
[8], which was limited to a few variables. Sereral exten-
sionsof this approachhave beenproposed[11, 12, 5, 7, 6].
However, the new approachpresentedhereusesa searchalgo-
rithm sofar mainly usedin Atrtificial Intelligence(Al): the so-
called A*-algorithm The A*-algorithm pruneslarge parts of
state spacesand today has becomean integral part of stan-
dardAl searchtechniquesUsingthis successfull technique,
the problemof finding an optimal variableorderingis reduced
to the problemof computingan optimal pathin a statespace.
This statespacds muchsmallerthanthe spaceof all orderings.
It is exploredby expandingstatego its successorgjntil agoal
stateis found. The nevw methodalways determineshe best,
i.e. themostpromisingstatebeforethe next expansion.In this,
unlike previous methodswhich useda static schemato enu-

meratethe orderingsto extend, our new approachdetermines

the orderof statego expandon the basisof a dynamicevalua-
tion function. With thatlarge partsof the statespacearepruned.
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This pruningeffectis higherthanin ary otherapproacHor ex-
actBDD minimizationpresentedofar. Moreover, anoperation
frequentlyneededn exactBDD minimization,the reconstruc-
tion of BDDs, is refinedandacceleratedT hebest-firstordering
of statedurtherspeedsip its runtimesignificantly

To prunethe searchspacemoreeffectively, we combinethis
new approachwith alreadyexisting Branch and Bound(B&B)
technigues.This combinationof A* andB&B is animprove-
mentof A* itself, i.e. it canbetransferredo otherapplications
aswell. Anotherimprovementof A* newly presentederead-
dresseghe memoryrequiremenbf the approachyielding re-
ductionsin memoryconsumptiorup to 61.6%.

Experimentshav thatsignificantruntimereductionscanbe
obseredon benchmarkunctions,i.e. for thefunctionsconsid-
eredanimprovementup to 58.0% hasbeenobtained.

I1. BACKGROUND
A. BDDs

Booleanvariables,denotedby Latin letters, are boundto
valuesin B := {0,1}. As is well-known, a Booleanfunc-
tion f: B" — B over the variable set X, can be represented
by a BDD. This is a directedagyclic graphwherea Shannon
decomposition

f=xfy=1+Xfx—o (1<i<n)
into two cofactorsin x; is carriedout in eachnode,yielding
a“then-successoniiaal-edgeandan“else-successowia a0-
edge. Redundannodes,i.e. nodesnot neededo representf,
canbeeliminated.ThereforeBDDs allow a unique(i.e. canon-
ical) andvery compactrepresentationf Booleanfunctions.

In the following, only reduced,orderedBDDs are consid-
eredandfor briefnesshesegraphsarecalledBDDs. Variables
areencountere@t mostonceandin the sameorder(the “vari-
ableordering”) on every pathfrom theroot to aterminalnode.
For moredetailssee[3]. A variableorderingoftenis denoted
as a permutationtt over X,, andthen extendedto a permu-
tation over 2%, Let V C X,. An ordering, whosefirst |V|
membersconstituteV, can be characterizedy the condition
(V) =V, i.e.V is afixedpoint of . In thefollowing we as-
sumesharedBDDs for multi-outputfunctionsf: B" — B™ (see
Fig. 1) with ComplemenEdges (CEs)[2] without mentioning
it further Notethatall resultsreportedheredirectly transferto
BDDs without CEs.

B. StateSpaceSearchoy A*-Algorithm.

A statespaceproblemconsistof determininga sequencef
operators
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)

that,whenappliedto theinitial state yieldsagoalstate.An im-
portantmethodto guidethe searchon a statespacds heuristic
seach. With every stateq a quantityh(q) is associatedwhich



: % _
transitions0 X%l {xi,} T2, S, Xn. The sequencef vari-
ablesoccurringon path p*(X,) definesavariableordering.

The basicideaof our approachis the following: We want
the above orderingannotatedalongthe minimum costpathto
be optimal,i.e. we wantthe minimal costfor theterminalstate
Xn (.. $*(Xn)) to be the numberof nodesin the BDD with
this annotatedorderx;, < x, < --- < X,. Thenthe sequence
of variablesin p*(X,) is an optimal variable ordering,which
yieldstheminimal BDD size.

For this purpose an appropriatecostfunctionis chosenas-
sumea stateq alwaysis associatewvith aBDD thefirst|q| vari-
ablesof which are orderedaccordingto the first |q| positions
of thevariableordering,whichis annotatedt the transitionsof

_ thecurrentlyconsideregbathto g. With that,thisBDD respects
_avariableorderingmt with 1(g) = g. As costof the transition

The A*-algorithm[10] baseshe choiceof the next stateto ex- g — qU {x} we now countthe nodeslabeledwith variable
pandon two criteria: the costof the cheapesknown pathfrom x; in the BDD which is correspondingo the successostate
the initial stateup to stateq, denotedg(q), andthe estimate qu {x}. (Thevariablex; residesatthe (|q| + 1)-th level of this
h(qg), which for A* hasto be a lower boundon the costof an BDD.) In g we accumulatehe transitioncostsalongthe newly
optimal pathfrom g to a goal state(this minimal costis de- found pathto the successorFurther for theinitial statewe set
notedh(q)). A" maintainsa prioritized queueOPEN, whichis g(0) = 0. Now, by this inductive definition of g, the accumu-
orderedwith respectto increasingvalues¢(q) = g(q) +h(a), latedcostg(q) for eachstateq C X, associateavith a BDD F
thuscombiningthetwo criteriaa) costof thecheapespathto q asdescribedabove is the numberof BDD nodeslabeledwith
known sofar andb) expectedcostof the remainingpartof the a variablein g. The costfor the goal stateX, now is (asin-
pathfrom g to a goalnode. In the beginning, this queueonly - tended)the sizeof the BDD associateahith it. This BDD has
containsthe initial state. In eachstep,a stateq with a mini- the variable orderingannotatecalong the minimum cost path
mal ¢-valueis expandedanddequeuedDuring expansionthe by construction. Thus, this variable orderingmustin fact be

Fig. 1. A sharedBDD. Grey nodesarerepresentingofactorswrt x; andx,.

estimateghe costof the cheapespathfrom g to a goal state
This allows us to searchin the direction of the goal states

successostatesof g aregenerategndinsertedinto the queue
accordingto their ¢-values.For this, the valuesg andh of the

successostatesarecomputeddynamically If ¢ is asuccessor

of g, d is associatedvith its costg(q') = g(q) +c(a.q'), i.e.g
accumulategransitioncosts.In this, for a stateq, g(q) is com-
putedasthe sumof the costc(r,r’) of all transitionsr — r’
occurringon thecheapesknown pathto g.

A successostateq’ might be generatech secondime, if
hasmorethanone predecessostate. If a cheapemathfrom
the initial stateto d is found in this case,g(d') is updated.
Theseupdatef the" g-part” of ¢ to thecostsof anewly found
cheapermpathto g continuouslycompensatdor the fact that
the charactenof the “h-part” is only estimatve. The cheapest
known pathto ¢ is denotedp(q’) andis alsoupdatedrespec-
tively. Thealgorithmterminatesjf the next stateto expandis
agoalstatet. Theestimateh(t) = h*(t) mustbe zero. In this
case,the pathfoundup to t, i.e. p(t), is of minimal costC*,
which we also expresswith ¢*(t) = g(t) = g*(t) = C*. This
minimumcostpathp(t) = p*(t) is reportedassolution.

I1l. BEST-FIRST SEARCH ALGORITHM
FOR EXACT BDD MINIMIZATION

Supposewe wantto minimize a BDD representing Bool-
eanmulti-outputfunction f: B" — B™. In ournew approachyve
usetheA*-algorithmto searctor theoptimalvariableordering
of aBDD. Insteadof searchinghewhole setof variableorder
ings (which containsn! orderings),the algorithm operateson
a statespace.This spaceis 2%, the setof variablesets,which
is a spaceof a sizegrowing muchslower with n thanthe size
of the setof variableorderings. A stateof this spaceis a set
of variablesg C X,. In thefollowing we explain how the prob-
lem of finding an optimal variable orderingcan be expressed
asthe problemof finding a minimum costpathfrom aninitial
stateto agoalstatein this statespace.

We considersetsof variablesq successiely growing from 0

optimal.

Theheuristicfunctionh: 2% — IN usedn ourapproacthis the
oneusedin [5, 7], a lower boundadaptedrom VLSI design.
For stateq, it countsthenumberof cofactorswith respecto the
variablesin q (seeFig. 1). It canbe computedeffectively with
atopdown graphtraversalontheBDD, countingthenumberof
directreference$rom theuppemodedo thenodesn thelower
part of the BDD [5]. This is the tightestlower boundknown
today

IV. ALGORITHM

In this sectionwe describethe implementationtechniques
usedin the new A*-approachto exact BDD minimization,
calledA™", A sketchof thealgorithmis givenin Fig. 2. Theal-
gorithm is basedon the implementatiornof [6], the bestexact
BDD minimizationalgorithmknown sofar, outperforming7].
Thuswe assumehepresencef all techniqgue&nown from this
methodand all previous approachesvithout further mention-
ing, e.g.the useof functionalaspectdike symmetries.Next,
we describenew implementatiortechniquesiniqueto our A*-
basedmethod.

A. Combinatiorwith B&B

In this sectionwe presentwo technique$o combineA* with
B&B. Referenceto line numbersall refertotheaccordingdines
in Fig. 2. First, we cite awell-known resultfrom searchtheory
[10].

Theorem1 Considera stateq in an A*-algorithm operating
with evaluation function ¢. (C* again denotesthe minimal
cost.) Thenwe have:

If §(q) > C* thenstateq will notbeexpanded.

Note that ¢ (q) canchangeduring algorithmrun. In our con-
text, C* + 1 is theminimal BDD size,as¢, g andh countinner
nodesonly. Thuswe have to add one for the constantnode.
In a B&B algorithmto determinea minimal cost,a lower and

to Xn: g is extendedat eachtransitionby a variablex; € Xa\ 0, anupperboundon the minimumareconstantlyupdatecturing
i.e.q X quU {x}. The algorithm startsin the initial state® the algorithmrun every time new informationis available to
andprogressesintil the goal stateX, is reached As described tightenthe bounds.Next we combinethe A*-approactto exact
beforein SectionB, A* finds a path p*(X,) from 0 to X, with BDD minimizationwith B&B by continuouslyupdatinganup-

minimal cost. This costis the accumulatedransitioncostfor per bound(denotedupperbound during algorithmrun every
time asmallerBDD sizeis found.



(1) computeoptimal _ordering(BDD F, int n) { /* F represent$: B" — B™*/

~

stateshash0)] := 0; insert0 into OPEN;
while 1do /* until doomsday/

upperbound:= updateupperbound); /* first upperbound:sizeof initial BDD */
glhash0)] := 0; hjhasH0)] := numberof outputnodesm;

determineg € OPEN with minimal glhast{q)] + h[hasKaq)];
if glhast{q)] + h[haskq)] + 1 = upperboundthen
reconstrucbrderingthatyieldedupperbound; doomsday1;

reconstrucanappropriateorderingmwith 11(q) = q with pathreconstructiorandestablisiiton F;

newcost:= labelF, |d|) + g[hasHq)]; /* labelF, |d|) is computedwithoutvariableshifting */

9) end-if
(10) if = X then reconstrucbrderingasthe sequencef the pathto g; doomsday-1; end—if
(12) if doomsdayhen exit while loop; end—if
(12)
(23) upperbound:= updateupperbound); /* upperbound:smallesBDD sizeseensofar*/
(24) for eachx; € X,\ gdo
(15) g =quU{x}; )
(16) if o ¢ statesthen glhasiq')] := o; end—if
(17)
(18) if d ¢ statesor newcost< glhastd’)] then
(19) glhashd')] := newcost
(20) p(d) := x; I* neededor the pathreconstructiort/
(21) if o ¢ statesthen stateshasid)] := d'; end—if
(22) if h[hasid')] notyet computedand glhasid')] +n—|d/| + 1 < upperboundthen
(23) shift x; to level |q| + 1;
(24) uppetrbound:= updateupperbound);
(25) hlhasKq')] := computelower_boundd');
(26) end-if
(27) if hihasKq')] computedand glhastq)] + h[haskq')] + 1 < uppetrboundthen
(28) if OPEN too crowded,resizeit andgarbage-collecbutdatedentries;
(29) insertq’ into OPEN;
(30) end—if
(31) end-if
(32) end-for
(33) end-while
(34) }

Fig. 2. Thenew Algorithm As*¢ (sketch)
A.1 Delayed Statelnsertion

Our integrationof B&B into A* is basedon the following ob-
senation: Clearly, we have

upperbound> C* + 1. (1)
Now let g bea statewith ¢(q) + 1 > upperbound With (1) we
have $(g) + 1 > C* + 1 andthus,by Theoreml, g will notbe
expandecby A*.

In the new approachthisresultis usedasfollows: weinsert
astateq into OPEN iff ¢(q) + 1 < upperbound(seeline (27)).
Otherwise we delaytheinsertionuntil g(q) hasbecomesmall
enough(by continuousupdatesduring algorithmrun) to meet
this condition. By this strateyy, we avoid theinclusionof mary
statesinto OPEN which never will be expanded.This reduces
the memoryrequirementof the algorithm. Note thatin line

B. Reconstructiofechniques

In Algorithm A™, a large reductionin memory require-
mentis achieved by the following strategyy: Insteadof storing
andcontinuouslyupdatingthe whole sequenc®f variableson
thecheapesknown pathfrom theinitial stateto a stateq, only
onevariableis storedin p(q). Thisis the variabledenotedat
thetransitionof the predecessado g, which yieldedthe cheap-
estknown pathto g sofar. The cheapesknown paththencan
bereconstructeihductively, whenrequired.

As all exactBDD minimizationalgorithmssuggestedofar,
thenew A*-basedapproacmeeddo reconstrucBDDs respect-
ing a certainvariableordering:prior to expansionof a stateq,
aBDD respectinganorderingrwith 11(q) = q is reconstructed
in line (12) of Algorithm A= Thefirst |g| positionsof such
anorderingareobtainedwith thenew pathreconstructionech-
nique. Theremaininglastn— |g| positionsmustbechosersuch

(22) we alsodelaythe computatiorof h(q) to save unnecessarythata“ unacceptabléargeincreaseof the sizeof the lower part

computations.

A.2 Early Termination

Integrating B&B also allows to further prunethe statespace,
basedon thefollowing considerationLet g be a statewhich is

choserasthe next beststate,i.e. q will beexpanded.Inversion
(andaddingoneto eachsideof the inequalityon the left side)
of thestatemenin Theoreml, togethemwith (1) yields

¢(q)+1<C*+1 < upperbound (2)
Now let ¢(q) + 1 = upperbound We have upperbound=
C*+1by(2),i.e.theupperboundhasalreadyreached¢hemin-
imum.

In thenew approachthisresultis usedasfollows: if thetotal
costof the statecurrentlyconsideredplusone,for theconstant
node)alreadyequalshe upperbound,we terminateandrecon-
structthevariableorderingwhichyieldedthis upperbound(see
lines(7)-(9)). This“early termination”resultsin afurtherprun-
ing of thesearchspace.

of the BDD is avoided. In our new approachye setthe order
ing of thevariablesin thelower partsuchthatthe samerelative
orderingof variablesasin the initial orderingis established.
While the approachin [7] tried to avoid maving away from
good orderings,our approachis directly orientedtowardsan
orderingknown to be good. Our experimentsshaw thatthisis
moreeffective, seeSectionV.

V. EXPERIMENTAL RESULTS

All experimentakesultshave beencarriedout on a machine
with an Athlon processorunning at 1.4 GHz, with a main
memoryof 1.5 GByte anda runtimelimit of 20,000CPU sec-
onds. The new algorithmin its final stageof developmentis
calledA*. In our experimentsave alsoincludedanearlierver-
sionof thealgorithmwithout the pathandBDD reconstruction
techniquesdescribedn SectionlV.B: this algorithmusesthe
bestknown standardechniquesnsteadandis calledA*".

The implementationof the new algorithmsAs“* and A" is
basedon the implementationof NEO [6], which outperforms



TABLE |
COMPARISON OF NEO, AS" AND ASUt®

name in [ out| opt NEO AT At
‘ ‘ ‘ ‘ H time | space| avg.smapsH time | space| avg.svxapsH time | space| avg.swapsH

cc 21T 20 69.4s] 36M 4852 51.6s| 85M 14.48] 51.1s| 36M 14.60
cmil50a| 21 1] 33 220s| 37M 47.39| 120s 88M 7.22 || 119s| 39M 7.63
comp 32 3| 95| 3520s| 121M 125.65| 1894s| 649M 29.86 | 1477s| 288M 33.96
cordic | 23 2| 42| 193s| <1M 2547 | 1.35s| <1M 18.82| 1.29s| < 1M 19.17
cps 241102 | 971 | 1893s| 61M 53.85|| 1373s| 186M 39.97 || 1380s| 78M 40.05
il 25| 16| 36| 22.1s| 10M 51.28|| 17.2s 25M 12.87|| 18.0s| 11M 12.98
lal 26| 19| 67| 440s| 79M 73.65| 243s| 378M 25.01|| 242s| 145M 25.50
mux 21 1] 33 220s| 36M 47.27| 120s 88M 7.24| 119s| 39M 7.68
pcle 19 9| 42| 5.40s 3M 2419 | 3.61s 6M 12.79| 3.75s 3M 13.60
pml 16| 13| 40| 0.62s| <1M 22.33|| 0.61s| < 1M 10.25| 0.54s| < 1M 11.23
s208.1 | 18 9| 41| 4.33s 2M 24.20|| 3.84s 4M 17.79| 3.72s 3M 17.10
s298 17| 20| 74| 7.31s 2M 29.80| 6.17s 6M 17.52| 6.00s 3M 17.56
s344 24| 26| 104| 906s| 111M 70.60|| 537s| 363M 28.74|| 527s| 146M 29.10
$349 24| 26| 104| 905s| 111M 70.60|| 537s| 363M 28.74|| 527s| 146M 29.10
$382 24| 271|119 409s| 75M 44.38| 313s| 359M 14.06 | 390s| 143M 14.07
s400 24| 27| 119 409s| 75M 4438 | 312s| 359M 14.06| 390s| 143M 14.07
s444 24| 27| 119 | 473s| 75M 46.98 || 314s| 362M 14.25| 324s| 144M 14.16
s510 25| 13| 146 || 5490s| 414M 74.90 || 3568s| 1264M 25.05| 3308s| 596M 24.55
s526 24| 27| 113| 705s| 111M 63.74 || 365s| 365M 30.26 || 391s| 149M 30.25
s820 23| 24| 220| 848s| 59M 59.16|| 734s| 180M 43.46| 733s| 76M 43.45
$832 23| 24|220| 889s| 59M 58.79|| 731s| 181M 43.46| 730s| 76M 43.41
sct 19| 15| 48| 6.36s| 3M 25.59| 3.86s 6M 19.85| 3.83s| 3M 19.90
tcon 17| 16| 25| 0.79s| <1M 21.56|| 0.55s M 7.69| 0.52s| <1M 7.69
ttt2 24| 21|107| 435s| 82M 53.54|| 345s| 360M 30.55| 362s| 144M 30.59
vda 17| 39| 478| 323s| 3M 27.66 | 26.0s 6M 35.50| 25.8s| 4M 35.54

the approachof [7]. All algorithmshave beenintegratedin
the CUDD packagg[15]. By this we guarantedhat they run

in the samesystemervironment. In a seriesof experiments

we appliedall algorithmsto the setof benchmarlcircuitsfrom
LGSynth93. The resultsaregivenin Tablel. In thefirst col-
umn of Tablel the nameof the functionis given. in (out) de-
notesthe numberof inputs (outputs)of a function. Column
opt shawvs the numberof BDD nodesneededor the minimal
representationln columnstime andspacethe runtimein CPU
secondgindthe spacerequirementn MByte for thealgorithms
aregiven. For every algorithm, columnavg swapsgivesthe
numberof variableswapsneededn averageto setthevariable
orderingfor the BDD representinghe next state.

As the resultsin Table| shaw, the new algorithm A has
a reducedmemoryrequirementvhencomparedo the earlier
versionA*™ by upto 61.6% (e.g.seelal), on averagethereduc-
tionis 57.5%. In this, with the memoryconfigurationof todays
computersystemsthe A*-basedapproachremainspractical.

Thenew BDD reconstructionechniqueof A**reducesun-
time by upto 22.0% comparedo A (e.g.seecomp). Thenew
methodsuccessfullyavoidsBDD explosionsandachievesasig-
nificantspeedup.

The new algorithm A** is much fasterthan the algorithm
NEO. In comparisorto NEO, we obtainedreductionsin run-
time of upto 58.0% (e.g.seecomp mux cm1503. Onaverage
we have a gain of 37.8%. One reasonfor this large gain is
the reductionin the numberof stateexpansionswhich canbe
up to 40.9%: e.g.for s526 A expandsonly 852179states,
whereadNEO, analogougo stateexpansionsextends1442625
variableorderings.As canbe expectedfrom searchtheory[4],
the best-firststratgy canyield large reductionsof stateexpan-
sionsespeciallyfor the “harder” instancegcomple circuits),
which directly transfergo areductionof runtime.

In ourexperimentsyeidentifiedasecondeasorfor thehigh
speedumf A comparedo NEO: typically, mary stateswith
the samed-value are reconstructedor expansionone after
the other Suchstatesare representedy BDDs with a very
similar variable ordering:in our experiments,the numberof
variable swapsneededo transforma given variableordering
into the orderingfor the next stateto expandis reducedby up
t0 83.9% in comparisorto NEO. E.g.,for cm150athe average
numberof swapsneededby NEO is 47.39, but only 7.63 for

A, On averagewe have areductionin the numberof variable
swapsof 54.9%.
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